We prove that the anti-pluricanonical map Φ |−mKX | is birational when m ≥ 16 for 5-fold X whose anticanonical divisor is nef and big. §1. Introduction.
Main Theorem Let X be a smooth 5-fold whose anticanonical divisor −K X is nef and big.
Then Φ |−mK X | is a birational map when m ≥ 16. §2. Preparations.
In this note we use the standard terminology as in [4, 5] . For example, c i := c i (T X) is the i-th
Chern class of the tangential bundle; H i (X, F) denotes the i-th cohomolgy with coefficient in a coherent sheaf F, and h i (X, F) = dim k H i (X, F). We simply denote
if the sheaf is induced by a divisor D.
We will use Lemma 1, a special case of the Key Lemma in [3] , which improved the Theorem 5 in [1] . [2] ). Let X be a nonsingular projective variety of dimension n and −K X is a nef and big divisor. We assume: (i) For each i with 1 ≤ i ≤ n−2, there exists a natural number r i such that dim Φ |−r i K X | (X) ≥ i.
(ii) There exist an integer r 0 ≥ 3 such that H 0 (X, −rK X ) = 0 for any r ≥ r 0 .
Proof. In the Key Lemma in [3] , we let the nef and big divisor R = −K X and the numerically trivial divisor T = 0. By our assumptions we have H 0 (X, −rK X ) = H 0 (X, −(r + 1)K X + K X ) = 0 for any r + 1 ≥ r 0 + 1 :=r 0 ≥ 4. So both (1) and (2) of the Key Lemma are satisfied. Hence
To use Lemma 1, we need the following Lemma, it is the Proposition 6 in [1] , we refer to [1, 2, 3] for reference of it.
Lemma 2 (Matsusaka & Maehara). Let D be a nef and big divisor and dim X = n. If 
+ (2m + 1)
where 720a = (−K X ) 5 and 144b = (−K X ) 3 · c 2 .
To use Lemma 1 and Lemma 2, we need priori estimates of P (m) for m ≥ 0.
Proposition 1.
(i)
(ii)
(v) P (1) = 3, P (2) = 6 ⇒ P (3) = 49;
(vi) P (m + 1) > P (m) when m > 3 and P (3) ≥ 7.
. By P (2) ≥ P (1) we get a ≥ 1 360 (10 − 4l), so we have P (3) ≥ 35 − 14l. Hence we get (i)-(iii). Now we assume P (1) = 3 and P (2) = 5[6(17a+b)+1] := l. Then b = −5a and l = 5(12a+1) > 5, and hence P (2) ≥ 6 and we have (iv). If P (2) = 2P (1) = 6. Then we have a = 
Proof. By Proposition 1, P (3) = 7[12(35a + b) + 1] ≥ 7, so we have (i) and b ≥ −35a. Thus
Proof of Main Theorem. By Proposition 1 we have h 0 (X, −3K X ) ≥ 7, so we can put r 0 = 3.
By Proposition 2, we can set r 1 = 3, r 2 = 4, r 3 = 6. By Lemma 1 when m ≥ r 0 + r 2 + r 3 + r 4 = 16, 
it is a bundle of rank 1 6 (5m − i − 1)(5m − i)(5m − i + 1) in the last bracket of above summation. So, Question. Find out the lowest bound l(n) such that Φ |−mK X | is birational when m ≥ l(n).
We also don't know how to improve the bounds l(n) given in [3] for n > 5 since the HirzebruchRiemann-Roch formula is more complicate in these cases.
